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ABSTRACT
Plato’s formulation that mathematical truth resides in the World of Forms was inspired by Parmenides’ metaphysics and has determined to a most significant extent the presentation format of mathematics up to today. In its pristine finished expression the elegance of mathematics argument is made evident. The problem is the coming into existence of the argument is not. And the absence of heuristic commentary, which would shed light on how the formulation took shape, has made mathematics a most challenging discipline for students, with negative consequences for more than a few. How the problem presents itself and an effort at transformation so that mathematics can be more available to more students is the focus of this paper. 


INTRODUCTION
As history has recorded, Plato, the “maker of mathematicians”, established the model for formal mathematics demonstrations. His formulation was fundamentally shaped by Parmenides’ argument that the Real was that which was permanent. Parmenides posited that something could not come out of nothing. And only what was permanent could be trusted as true. In his The Way of Truth, he expressed it in these words: “For never shall this prevail, that things that are not are” (Fragment B 7.1).
It seems reasonable to think that his commitment to this metaphysics would have led Plato to realize that mathematical proofs could not have been created, for then something would have come out of nothing. Yet there were mathematical proofs. So he very cleverly invented the World of Forms, where all mathematics resided. With mathematical formulations based in the World of Forms, it was for the human enterprise to recover/discover but not create the pristine expressions of mathematical knowledge. Sense impressions caught up in the vagaries of existence could not be trusted to determine what was Real. Accordingly, the engagement, the struggle to “recover” the mathematical argument, would be appreciated, but ultimately found incidental with regard to the demonstration, presentation. The word itself, mathematics, with its roots from the ancient Greek, mathema, meaning “that which can be known” was a reflection of the thinking that only the permanent could be posited.
To gain a sense of the depth of his belief, Plato provides a conversation about plane geometry with his brother Glaucon. In the voice of Socrates, he makes clear the distinction between practices associated with the real world and those residing in the pure world of mathematics. Speaking about those who apply geometry he says, “They have in view practice only, and are always talking in a narrow and ridiculous manner, of ‘squaring’ and ‘extending’ and ‘applying’ and the like – they confuse the ways of geometry with those of daily life; whereas knowledge is the real object of the whole science.”
Euclid followed Plato in his commitment to accepting the eternal nature of mathematics. As is well known, his Elements contained all the mathematical proofs that he could find along with his own, which he organized in a logical sequence into a body of knowledge His formal demonstrations included the five convex regular polyhedral solids that Plato argued formed the basis for the physical universe. And the tradition of presenting findings in deductive form absent of human intervention that included or even alluded to the process of how the argument actually came to be has continued. Gauss amplified the commitment by claiming there would be no “scaffolding” to accompany any formal mathematical arguments, for such commentary would get in the way of the Truth that was the mathematics demonstrated in logical exposition.
One vestige of that inherently problematic pedagogical paradigm (to be discussed) was, as Plato decreed, diagrams were not to be accepted in logical arguments, only mathematical constructions, for an image created by the senses could not be trusted. As the idiom informs us, “a picture is worth a thousand words”, and from a formal mathematical perspective that truism attests to the inherent ambiguity that resides in any diagram. Even the acceptance of visual proofs remains an open question today in the mathematics community (Sinclair, et al., 2006). After all, Plato only recognized logical (“necessary”) demonstrations of “pure intelligence in the pursuit of pure truth”.
As an extension of this formulation, mathematics is often categorized as either “pure” or “applied”, with the former traditionally given higher value inasmuch as that mathematics is eternally true, truly worthy of the pursuit of the mind. That belief system apparently held by most mathematicians is evidenced in the prevalent austere expression of argument in mathematics textbooks. But there is a profound schism, and it’s not between those who think that there is a legitimate distinction between pure and applied mathematics and those who don’t, nor between those who accept visual arguments as proofs and those who don’t. The problem is deeper.
A caveat seems to be in order before continuing. There have been many articles written about the nature of mathematical proof. With regard to its problematic nature, it has been discussed that any formal mathematical proof is only in the rarest cases a demonstration of formal logic. Van Bergemen refers to proofs as actually “proof-outlines” (1993). This is to say, it is up to the mathematically educated reader to determine if the argument is convincing or not. And Hersh (1993) makes a valuable distinction when he wrote: “A good classroom proof would convince a skeptical mathematician, as well as explain to a naïve undergraduate [or high school student]” (italics in original, p. 398). The explaining could be expected to go beyond the stated argument to include if needed examples and discussions to fill in and clarify the steps of the argument. What is to be developed in the exposition that follows is the understanding that formal arguments would have necessarily drawn upon heuristics – problem-clarifying strategies, mental actions that exist outside the language of formal mathematics, when problem-solving procedures weren’t available to the proof maker to establish the argument. Naturally, sharing such elucidation would be of significant pedagogical value in the mathematics classroom for students would not only be able to understand more completely formal arguments, but become more able practitioners in creating their own proofs. Yet, as such discussions would in effect be demonstrations that formal arguments were actually created, that direction has not had the backing of the Platonist mathematics community.
THE PROBLEM IS IN THE PROOF FORMAT
The pedagogical challenge can be understood with considering Nicholas Oresme’s 14th century proof that the harmonic series diverges. The harmonic series follows and is followed by the series Oresme creates to determine that the initial series diverges:
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In the second series, terms of the harmonic series have been replaced by terms with denominators of lesser or equal quantity, yet establishing a series that clearly diverges as terms have been collapsed into groupings having sums of 1/2. This elegant formulation by Oresme has it that the 3rd and 4th terms sum to ½, 5th through 8th terms sum to ½, 9th through 16th terms sum to ½, . . ., with the constant partial sums constituted by terms of the form, which establishes a series of infinite halves plus 1 that clearly increases without bound.
If the reader would find Goldmakher’s indirect proof that also demonstrates the harmonic series diverges [https://web.williams.edu/Mathematics/lg5/harmonic.pdf], there are included as well his comments about Oresme’s proof. He notes “This proof is elegant, but it has always struck me as slightly beyond the reach of students – how would one come up with the idea of grouping more and more terms together?” That question allows us to ask, how would any of the other proof creators come up with theirs? Hopefully we can offer students something other than claiming it is “inspiration”, for pedagogically speaking, such a response is not particularly informative. That question sets the following focus.
It is likely that it is not only Goldmakher who would wonder. For Oresme probably considered if he should stop trying to attempt to “recover/discover” the proof that resolves the harmonic series question directly (assuming it existed), as he had likely spent considerable energies, parchment and goose quills attempting to do so to no avail. Was it a loss of will, being emotionally worn out, that suggested he change his tack? Our emotions inform our reasoning (De Sousa, 2008), and they may well have been flagging after he had likely made a number of dedicated efforts to solve the problem working with just the original terms of the series. So it would seem reasonable to conjecture that he would have wondered if perhaps there was another path he could take that came at the problem another way. And he found one. The proof he arrives at is an instance of the later-to-be created Comparison Test used to determine if a particular infinite series diverges or not, where another series whose relationship to the series in question is known and which itself can be determined to converge or not. Clearly, Oresme could have otherwise reasoned that with more rest, a fresh start with greater dedication would do the trick. But his intuition and likely sapped energies suggested he try coming at the problem from a different direction. In the process of re-engaging the problem he evidently created a “likely story” in his mind, a phrase used by Plato to describe decision making informed by the senses and emotions (in the impermanent world) to suggest that he continue his efforts but without depending solely upon the original series. His solution is indeed elegant; its coming to be will be considered further.
The wonder may well continue with considering the more traditional proof found in Calculus texts that introduces the Integral Test to also demonstrate that the harmonic series diverges. It seems reasonable to ask why Maclaurin and Cauchy, two formidable mathematicians, would introduce and formalize such a test which involves a continuous function and its area under the curve so as to evaluate whether a discrete series diverges or not. Apparently, as with Oresme, the pursuit of a divergence proof constructed with the sole terms of the harmonic series was found to be (and in its continuance of not being constructed to this day) really difficult. So the creative impulse was to find another way to go at it, some way to make the problem simpler.
That notion of making the problem simpler according to Keith Devlin, who writes a column for the American Mathematical Monthly, is “how we do mathematics”. This is to suggest that both proofs were made possible by heuristics, mental actions in the form of problem-clarifying strategies that established essential connective tissue inasmuch as no direct argument drawing upon prevailing problem-solving procedures were apparent. In the case of Oresme, the heuristic he found may be imagined to be tinkering with the original terms to create another series that he could evaluate the sum as being infinite, and with comparison demonstrate the harmonic series diverges. Whereas for Maclaurin and Cauchy, the Integral Test would seem to have come into existence as an instance of the heuristics of reasoning by analogy and visualizing.
The fundamental problem is that heuristics, problem-clarifying strategies, in contrast to problem-solving procedures, are hidden from view as they literally lie outside the deductive language of mathematical proof. It is the mental actions of daily life, such as looking for a pattern, generalizing, and examining a specific instance, that serve to bring insight to an otherwise baffling mathematics situation that are at the heart of the inquiry process. They are the critical moves that make essential connection where none of a deductive nature were found available. In problematic contrast, the direct consequence of textbook presentations exemplifying/glorifying the purity of expression that is formal mathematics to the exclusion of heuristic considerations serves to reinforce the distance between students wanting to understand mathematics and the proofs they find in mathematics textbooks. And that is clearly a profound pedagogical problem with problematic individual and societal implications.
The nature of the formulation of mathematics presentations have been argued in contemporary times by mathematicians and mathematical philosophers. Van Bergemen (2014) shares that: “The nature of that tension is anything but new. We have known it in the philosophy of science in the form of the context of discovery versus context of justification divide. A justification is preferably seen as something independent from the discovery process. The processes that led to the proof are of no importance. Lakatos’ claim is exactly the opposite: To make sense of how mathematics develops, an understanding of these discovery processes is essential” (p.217).
Yet the tension is bound to remain, for to be more explicit regarding the thought process would require the inclusion of the meta-language of heuristics. And it exists as noted in the language of human mental actions not the deductive language of mathematics. Additionally, to include those considerations along with the formal proofs would apparently be a foundational threat to the prevailing culture, for it would require dismissing the belief that mathematics resides in the sphere of the World of Forms. Such thinking was anathema to Plato, and apparently to the general community of mathematicians today.
While it seems reasonable to believe it would take imaginative thinking to uncover those heuristics that served the generative purpose in establishing particular proofs, the effort and discussion would seem surely worthwhile when communicating with students. Were heuristics and conversations regarding their association with formal arguments to appear as annotated commentary, not only could students and mathematicians appreciate the formal arguments further but gain instrumental insight into the creative efforts that made the arguments whole. And that would seem to raise the level of mathematical understanding to new heights and make possible a significantly broader audience. Clearly, that mathematics of all the disciplines is the one associated with a phobia suggests that a reformulation regarding its model ofdemonstration deserves continued examination. But it would not seem sufficient to stop there.
NOT JUST PROOFS
Taking a more complete view, pedagogical concern can be seen to extend beyond that of proofs. The commitment of the mathematics community to efficiency and elegance – a culture dedicated to “austere beauty”, includes as well the demonstration of algorithms and the presentation of properties also absent of any accompanying discussion. That is, mathematical procedures and properties share the characteristic of being presented often bereft of any explanation or “likely story”.
Consider an instance: A circle is traditionally presented to students as having 360 degrees, as if to suggest that some unknown yet very dedicated individual found that 360 degree units literally filled a circle. Usually unaccompanied by any discussion, including that of any other unit measure. Yet why not have 400 angle partitions emanating from the center of the circle as the great mathematician Laplace would have had it? Or 365 divisions to represent and celebrate the recognition of there being 365 days in a solar year? Presenting mathematical properties as taken-for-granted, in effect making claims without reflecting on the contextual reality of that decision making, makes it seem as if mathematical truth lies outside common experience, in a special domain that transcends common understanding. But that need not be the case, nor need it be promulgated as if it were.
With the opportunity, for example, to compare 360 with 365 as to why one and not the other would be chosen, students can come to have a deeper appreciation for the human construction that is mathematics. In this instance, they can determine that 360 is functionally more fertile as it has many more divisors. Inasmuch as 365 has only 5 and 73 as divisors, there is good reason to choose 360 as it offers many more divisions, and so can be incorporated to serve as distinctive moments recognizing the richness of the collective human experience. In that regard, students may well appreciate knowing that the ancient Egyptians who actually determined that there were 365 days in a solar year chose 360 because of the practical, emotional and social value. Their division was equally creative: they decided to have 12 months of 30 days followed by five unnumbered days of celebration (apparently an exercise in excess enough to make it difficult to actually remember there were five days).
Additionally, it seems worth students considering what implications would follow were the mathematics community to have adopted Laplace’s thinking with the division into 400 parts. They would likely appreciate that a right angle would be determined to have 100 such units. This would seem to have considerable aesthetic and emotional appeal in comparison to 90, while the sum of the measures of the angles of the triangle would be 200, which also seems more appealing than the traditional 180. Such a division is appreciated in the practice of surveying. But in terms of the elements of a body of mathematical knowledge, with the realization the angles of an equilateral triangle would be of fractional parts, the choice of 400 would seem to lose its aesthetic and emotional appeal. And this decision making would seem a natural and valuable exercise for students to engage in so as to connect more to the history and imaginative experience of mathematics.
This instance was to suggest classroom discussion and students’ mathematical development would be enlivened were mathematics textbooks to include historical, anecdotal, and philosophical elements that help explain how mathematics has come to be. For another instance, students are told that m represents the slope of a line; why not s (surely there must be a story to be told)? And, for another, inasmuch as a right angle can point to the left, why is it a right angle? (Gordon, 2016). Were considerations such as these made an integral part of the standard classroom conversation, it would more likely follow that students would feel more connected to and comfortable with mathematics. And the consequences could extend to their lived experience, with more thoughtful engagement regarding the use of language, assumptions and arguments that have shaped society’s history and present decision making, so to better inform the human collective experience for the future.
Presenting mathematics as found truths rather than as consequences of an engagement that acknowledges and appreciates the inventive nature of human beings only serves to continue to promote the “false dichotomy” between material and method (Dewey, 2016). Consider, for instance, the classroom practice where rather than having students be presented with the family of four-sided polygonal plane figures (the square, rectangle, parallelogram, etc.), they would have the opportunity to make the differentiations of distinct convex quadrilaterals as a consequence of determining properties via their own investigations. The consequent considerations they could make and conversations they could have regarding how to distinguish one from another, and whether a figure deserves to be recognized in its own right, are thought provoking aesthetic decisions that would likely provide them a much richer understanding and comfort working with these figures. In flattened opposition, because students don’t have the vocabulary to classify different convex quadrilaterals, they are shown the accepted group of classifications, and given the task to memorize their properties. Here as elsewhere in the mathematics offerings the engagement that could have been productive in promoting student investigation, imagination, and collaboration is denied by the assumption of mathematics as a complete body of conclusions to be taken-for-granted.
INDIVIDUAL AND SOCIAL CONSEQUENCES
The problems many students have with their mathematics study is unfortunately abundantly evident in the mathematics education literature and research community. As Ernest summed it up, “The net result of extended exposure to and practice in mathematics is a social training in obedience, an apprenticeship in strict subservience to the text [as a consequence of] its imperative rich and rule-governed character” (2018, p.192). The presenting of mathematics, where human engagement is literally not in the picture, naturally tends to have negative consequences with many students. And the argument could be made that such experience impacts poorly on societal decision making as well. For, with mathematics students becoming trained to accept the voice of authority, there is good reason to think that the development of a robust democratic society would be stunted as a consequence of limiting exploratory engagement and thoughtful participation in students’ mathematics education. If we believe that “. . . democratic competence to a great extent is based on reflective knowledge” (Skovsmose, 1990, p.124), and it would seem we should, it would imply a classroom environment in which investigation and collaboration create the dynamic that shapes the conversation and the evolution of productive thinking. But in a classroom environment where the formulation and presentation of the content is at a distance from student invention aided by heuristics, there is little reason to think the practice of engaging mathematics would be the happy consequence of the classroom experience for most students.
[bookmark: _GoBack]With students having opportunity to make worthwhile inroads for producing mathematics with their drawing upon heuristics, we promote a society that values dedicated commitment, creative thinking and discerning judgement. Indeed, “heuristics have to be introduced. Innocent though the conclusion may seem, it is of fundamental importance” (Van Bendergem, 1993, p.28). In the absence of such a pivotal thinking, mathematics classrooms would more likely promote rigidity of thought and practice via the continuing exclusive presentation of the deductive model. Yet such an intellectually, socially and emotionally poor outcome would not seem to be the consequence of mathematics educators and textbooks not wanting to be helpful to students learning mathematics. Rather, it is the commitment to the Platonist view of mathematics supported by the tacit assumption that being naïve is a lacking – of experience, of not being informed – in essence, a lacking in being. The direct consequence would logically be students being shown problem-solving procedures, including algorithms and model problems, so as to be able to resolve for the most part standard mathematics questions requiring the prior presented material (Fan and Zhu, 2007), the natural outcome of not being presented with heuristic thinking that would have provided them opportunity for making inroads on their own to a broader non-standard collection of questions. 
Dewey (1916) recognized that being naïve was not a statement of ignorance, of lacking understanding, of needing to be told, but a positive state, one of being flexible, inclined to experiment. With this more life-enriching view, reading a mathematics textbook from a naïve perspective can be seen to have value and virtue for its open-minded quality and willingness to test the taken-for-granted. Were this perspective appreciated by the mathematics community so as to promote an educational setting where heuristic thinking would be the common expression, there is good reason to think that over time a more reflective polis and robust democratic society would be the natural consequence. Understood as being essential in shaping the mathematics classroom discussion, it would seem to be a good place to begin in rethinking what it is that the mathematical experience ought to be offering and seeking to make happen in the best interests of the individual and society, free from the constraints of a World of Forms.
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